A very challenging question in this area is to determine the oriented chromatic number of planar graphs. Raspaud and Sopena [14] proved in 1994 that their oriented chromatic number is at most 80. Recently, Marshall [8] proved that there exist planar graphs with an oriented chromatic number at least 17. The gap between the lower and the upper bound is very large, but it seems very hard to reduce.
In this paper, we focus on the oriented chromatic number of graphs with bounded maximum average degree. The average degree of a graph G, denoted by ad(G), is defined as twice the number of edges over the number of vertices (ad(G) =
2|E(G)|

|V (G)|
). The maximum average degree of G, denoted by mad(G), is then defined as the maximum of the average degrees taken over all subgraphs of G:
The girth of a graph G is the length of a shortest cycle of G.
Borodin et al. [3, 4] gave bounds of the oriented chromatic number of graphs with bounded maximum average degree:
Theorem 1 ( [3, 4] ). Let G be a graph.
(1) If mad(G) < 12 5 and G has girth at least 5, then χ o (G) ≤ 5 [3] . (2) If mad(G) < 11 4 and G has girth at least 5, then χ o (G) ≤ 7 [4] . (3) If mad(G) < 3, then χ o (G) ≤ 11 [4] . (4) If mad(G) < 10 3 , then χ o (G) ≤ 19 [4] .
We focus here on the class of graphs with maximum average degree less than 10 3 and girth at least 5. The main result of this paper is given by the following theorem: Theorem 2. Let G be a graph with mad(G) < 10 3 and girth at least 5. Then χ o (G) ≤ 16.
Actually, we prove a stronger result: we show that every oriented graph G with mad(G) < 10 3 and girth at least 5 admits a homomorphism to T 16 , where T 16 is the Tromp graph of order 16 whose construction is described in Section 2.
When considering planar graphs, the maximum average degree and the girth are linked by the following well-known relation: In particular, by means of Theorem 1(4), we get as a corollary that every planar graph with girth at least 5 has an oriented chromatic number at most 19. Theorem 2 improves this bound and gives that every planar graph with girth at least 5 has an oriented chromatic number at most 16.
Claim 3 ([4]). Let G be a planar graph with girth g. Then, mad(G)
The best current knowledge for the upper bounds of the oriented chromatic number of planar graphs is then the following: -4,11,14] ). Let G be a planar graph.
If G has no restriction of girth, then χ o (G) ≤ 80 [14] .
Note that among the bounds of the previous theorem, only the one for girth 12 is tight.
In the remainder, we use the following notations. For a vertex v of a graph G, we denote by d 
The paper is organized as follows. The next section is devoted to the target graph T 16 and some of its properties. We prove Theorem 2 in Section 3. We finally give some concluding remarks in the last section. 
The Tromp graph T 16
In this section, we describe the construction of the target graph T 16 used to prove Theorem 2 and give some useful properties.
Tromp's construction was proposed by Tromp [17] . Let G be an oriented graph and G be an isomorphic copy of G. The
Tromp graph Tr(G) has 2|V (G)| + 2 vertices and is defined as follows:
Fig. 1 illustrates the construction of Tr(G).
We can observe that, for every u ∈ V (G) ∪ {∞}, there is no arc between u and u . Such pairs of vertices will be called twin vertices, and we denote by t(u) the twin vertex of u. Remark that t(t(u)) = u. This notion can be extended to sets in a standard way: for a given
By construction, the graph Tr(G) satisfies the following property:
In the remainder, we focus on the specific graph family obtained via the Tromp's construction applied to Paley tournaments. 
(t(w)). Therefore, the mapping ϕ :
. . , v n ) be a sequence of n (not necessarily distinct) vertices of T 16 ; a vertex u is said to be an α-successor of S if for any i,
− − → ∞3 , and 16 and an orientation n-vector α = (α 1 , α 2 , . . . , α n ), there exist i = j such that v i = v j and α i = α j , then there does not exist any α-successor of S; indeed, T 16 does not contain opposite arcs. In addition, if there exist i = j such that v i = t(v j ) and α i = α j , then there does not exist any α-successor of S; indeed, for any pair of vertices x and y of T 16 with x = t(y), we have N 16 is said to be compatible with an orientation n-vector α = (α 1 , α 2 , . . . , α n ) if and only if for any i = j, we have α i = α j whenever v i = t(v j ), and α i = α j whenever v i = v j . Note that if the n vertices of S induce an n-clique subgraph of T 16 (i.e. v 1 , v 2 , . . . , v n are pairwise distinct and induce a complete graph), then S is compatible with any orientation n-vector since a vertex u and its twin t(u) cannot belong together to the same clique.
In the remainder, we say that T 16 has Property P n,k if, for every sequence S of n distinct vertices of T 16 and any orientation n-vector α which is compatible with S, there exist k α-successors of S. This set of k α-successors is denoted by Succ α (S).
Proposition 8. The graph T 16 has Properties P 1,7 , P 2,3 , and P 3,1 .
Proof.
(1) Property P 1,7 is trivial since every vertex of T 16 has seven successors and seven predecessors.
(2) To prove that T 16 has Property P 2,3 , we have to show that, for every sequence S = (u, v) and any compatible orientation 2-vector α, there exist at least three α-successors of S. We have two cases to consider: the case uv ∈ A(T 16 ) and the case u = t(v). Since T 16 is arc-transitive, we will consider w.l.o.g. S = (0, 1) and S = (∞, ∞ ).
A case study shows that the three α-successors of S = (0, 1) are 2, 6 , and ∞ (resp. 2 , 6, and ∞ ; 3 , 4, and 5 ; 3, 4 , and 5) if α = (0, 0) (resp. (1, 1); (0, 1); (1, 0)).
Consider now the case S = (∞, ∞ ). By definition, the only two compatible orientation 2-vectors with S are (0, 1) and (1, 0). It is then clear by construction of T 16 that we have seven α-successors of S in each case.
(3) Property P 3,1 was proved by Marshall [8] .
Proposition 9. Let u, v 1 , and v 2 be three distinct vertices of T 16 , and S i = (u, v i ) for every 1 ≤ i ≤ 2. Let α be an orientation 2-vector compatible with S 1 and S 2 . Then Succ α (S 1 ) = Succ α (S 2 ). Proof. Suppose to the contrary that there exist such S 1 and S 2 with Succ α (S 1 ) = Succ α (S 2 ).
By Proposition 7, we may assume w. Therefore, the vertices of Succ α (S 1 ) = Succ α (S 2 ) must be the common successors of 0 and 1. We have N
(1) = {2, 6 , ∞}. If α 1 = 0, then a case study allows us to check that T 16 has no vertex u distinct from 0 and 1 having 2, 6 , and ∞ as successors. Therefore, we should have α 1 = 1 and then we can check that u should necessarily be either 0 or 1 . However, in each case, we will have
Proof of Theorem 2
In this section, we prove Theorem 2, that is that every graph G with mad(G) < 10 3 and girth at least 5 admits a homomorphism to T 16 .
Let us define the partial order . Let n 3 (G) be the number of • G 1 is a proper subgraph of G 2 ;
Note that this partial order is well-defined, since if G 1 is a proper subgraph of G 2 , then n 3 (G 1 ) ≤ n 3 (G 2 ). So is a partial linear extension of the subgraph poset.
Let H be a hypothetical minimal counterexample to Theorem 2 according to ≺. We first prove that H does not contain a set of thirteen configurations. Then, using a discharging procedure, we show that every graph with girth 5 which contains none of these thirteen configurations has an average degree at least 10 3 ; this implies that H has mad(H) ≥ 10 3 , a contradiction.
Structural properties of H
A weak 5-vertex is a 5-vertex adjacent to three 2-vertices. A weak 4-vertex is a 4-vertex adjacent to one 2-vertex. 
Lemma 10. The graph H does not contain the following configurations:
(C1) a ≤ 1-vertex; (C2) a k-vertex adjacent to (k − 2) 2-vertices for 3 ≤ k ≤ 4; (C3) a k-vertex adjacent to (k − 1) 2-vertices for 2 ≤ k ≤ 7;(
. , ϕ(v k )).
Recall that a necessary condition to have α-successors of S is that α must be compatible with S, that is for any pair of vertices v i and v j , ϕ(v i ) = ϕ(v j ) whenever α i = α j and ϕ(v i ) = t(ϕ(v j )) whenever α i = α j . Hence, every vertex v j forbids one color for each
is compatible with S if and only if we have ϕ(v
For each configuration, we suppose that H contains it and we consider a reduction H with a girth at least 5 such that H ≺ H and mad(H ) < 10 3 ; therefore, by minimality of H, H admits a T 16 -coloring ϕ. We will then show that we can choose ϕ so that it can be extended to H by Proposition 8, contradicting the fact that H is counterexample.
In what follows, if H contains a configuration, then H
* will denote the graph obtained from H be removing all the white vertices of this configuration.
Proof of Configurations (C1)-(C4). Trivial.
For Configurations (C1)-(C4), the reductions H have been obtained from H by removing some vertices and/or arcs; therefore, we clearly had mad(H ) ≤ mad(H). To prove that Configuration (C5) is forbidden in H, we considered a reduction H obtained from H by removing one 3-vertex and by adding new vertices and arcs. The following lemma shows that this reduction H has nevertheless a maximum average degree less that 10 3 . Let G be a graph containing a 3-vertex v adjacent to three vertices u 1 , u 2 , and u 3 ; see Fig. 4(a) . We denote by R(G) the graph obtained from G \ {v} by adding 2-paths joining respectively u 1 and u 2 , u 2 and u 3 , and u 3 and u 1 ; see Fig. 4(b) .
Lemma 11.
If mad(G) < 10 3 , then mad(R(G)) < 10 3 . The proof of this lemma is left to the reader.
Proof of Configuration (C5).
Suppose that H contains the configuration depicted in Fig. 3(d) . Since Configurations (C1) and (C2) are forbidden, u 1 , u 2 , and u 3 are ≥ 3-vertices. Let H be the graph obtained from H * by adding, for every 1 ≤ i < j ≤ 3, a 2-path joining u i to u j in such a way that its orientation is the same orientation of the path 
Configurations (C6)-(C13) all contain a weak 5-vertex. To shorten the proofs, we will often use the following lemma, later called Main Lemma. Fig. 5 ) and let ϕ be a T 16 
Lemma 12 (Main Lemma). Let G be an oriented graph containing a weak 5-vertex u (see
Proof of Configuration (C6).
Suppose that H contains the configuration depicted in Fig. 6 and let ϕ be a T 16 -coloring of H * .
By Main Lemma, the weak 5-vertex u forbids two colors for v, say f 1 and f 2 . By Property P 1,7 , we can choose ϕ such that
Proof of Configuration (C7).
Suppose that H contains the configuration depicted in Fig. 7 and let ϕ be a T 16 -coloring of H * .
By Main Lemma, each of the weak 5-vertices u, v, and w forbids two colors for x, say f 1 , f 2 , . . . , f 6 . By Property P 1,7 , we can choose ϕ such that ϕ(x) ∈ {f 1 , f 2 , . . . , f 6 }. 
Proof of Configuration (C8).
Suppose that H contains the configuration depicted in Fig. 8 and let H α 2 ) be an orientation 2-vector such that α 1 = 0 (resp. α 2 = 0) whenever − → vu ∈ A(G) (resp. − → wu ∈ A(G)), and α 1 = 1 (resp. α 2 = 1) otherwise. Note that we must have ϕ(u) ∈ W . Suppose first that V 1 = V 2 (more precisely, 
Proof of Configuration (C9).
Suppose that H contains the configuration depicted in Fig. 9 and let ϕ be a T 16 -coloring of H * .
The weak 5-vertices u and v forbid four colors for x, say f 1 , f 2 , f 3 , f 4 , by Lemma 12. By Property P 1,7 , we can choose ϕ such that ϕ(
Proof of Configuration (C10).
Suppose that H contains the configuration depicted in Fig. 10 and let ϕ be a T 16 -coloring of H * . By Main Lemma, the weak 5-vertices u, v, w, and x forbid eight colors for y, say f 1 , . . . , f 8 . We clearly can choose ϕ such that ϕ(y) ∈ {f 1 , . . . ,
Proof of Configuration (C11).
Suppose that H contains the configuration depicted in Fig. 11 and let ϕ be a T 16 -coloring of H * . The weak 5-vertices v, w, and x forbid six colors for u, say f 1 , . . . , f 6 , by Lemma 12. We clearly can choose ϕ such that ϕ(u) ∈ {f 1 , . . . , 
Proof of Configuration (C12).
Suppose that H contains the configuration depicted in Fig. 12 and let ϕ be a T 16 -coloring of H * . The weak 5-vertices v and w forbid four colors for u, say f 1 , . . . , f 4 , by Lemma 12. We clearly can choose ϕ such that ϕ(u) ∈ {f 1 , . . . ,
Proof of Configuration (C13).
Suppose that H contains the configuration depicted in Fig. 13 and let ϕ be a T 16 
Discharging procedure
To complete the proof of Theorem 2, we use a discharging procedure. We define the weight function ω by ω(v) = 3d(v) − 10 for every v ∈ V (H). Since mad(H) < 10 3 , we have:
In what follows, we will define discharging rules (R1), (R2) and (R3) and redistribute weights accordingly. Once the discharging is finished, a new weight function ω * is produced. However, the total sum of weights is fixed by the discharging rules. Nevertheless, we can show that ω * (v) ≥ 0 for every v ∈ V (H). This leads to the following obvious contradiction:
Therefore, no such counterexample H exists. The discharging rules are defined as follows: 10 3 In this paper, we proved that every oriented graph with maximum average degree less than 10 3 and girth at least 5 has oriented chromatic number at most 16. We recently proved in a companion paper that the restriction of girth can be dropped: Theorem 13 ([12] ). Let G be an oriented graph with maximum average degree less than 10 3 . Then, χ o (G) ≤ 16.
Concluding remarks
Graphs with maximum average degree of less that
The proof of this theorem is based on the same techniques than the one used in this paper. The discharging procedure is the same. The difference lies in the forbidden configurations. Recall that the case where two black vertices coincide in a configuration (provided they do not share a white neighbor) is taken into account in the proofs. However, the cases where black vertices coincide with white vertices (creating cycles of lengths 3 and 4) was not taken into account here since we considered graphs with girth at least 5. So, to drop the restriction of girth, and thus get Theorem 13, we considered configurations with cycles of lengths 3 and 4.
Strong oriented coloring
In 1999, Nešetřil and Raspaud [9] introduced the notion of strong oriented coloring, which is a stronger version of the notion of oriented coloring studied in this paper.
Let M be an additive abelian group. An M-strong-oriented coloring of an oriented graph G is a mapping ϕ from V (G) to M such that ϕ(u) = ϕ(v) whenever − → uv is an arc in G and ϕ(v) − ϕ(u) = −(ϕ(t) − ϕ(z)) whenever − → uv and − → zt are two arcs in G. The strong oriented chromatic number of an oriented graph is the minimal order of a group M such that G has an M-strong-oriented coloring. It is clear that any strong oriented coloring of an oriented graph G is an oriented coloring of G and therefore the oriented chromatic number of G is less than its strong oriented chromatic number.
Nešetřil and Raspaud showed that a strong oriented coloring of an oriented graph G can be equivalently defined as a Borodin et al. [4] proved that the oriented chromatic number of the graphs with maximum average degree less that 10 3 is at most 19 by showing that these graphs admit a homomorphism to the Paley graph QR 19 . Therefore, their result applies for the strong oriented chromatic number: the graphs with maximum average degree of less that 10 3 have a strong oriented chromatic number at most 19. So, a natural question to ask is: If it is true, that would imply that 16 colors are enough for a strong oriented coloring of an oriented graph with maximum average degree less than 10 3 , and therefore, for a strong oriented coloring of a planar graph with girth at least 5.
